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Abstract

Quality numerical simulations of the dynamics of a given many-body electronic structure

system is an important research area in material analysis and nano-optics, etc. Quantities

such as the time-dependent dipole moment are essential for further study. There are two

components in such simulations, i.e., the ground state calculation, and the following dynamic

simulations with the ground state as an initial state. These two components can be obtained

by solving Kohn–Sham and time-dependent Kohn–Sham equations, respectively. In this

paper, based on the finite element method, a unified numerical framework is proposed for the

whole simulation. For the ground state calculation, the classical self-consistent field iteration

method is employed for the linearization of the equation, in which the derived generalized

eigenvalue problem is solved by the locally optimal blocked preconditioned conjugate gradient

method, and we also design an effective preconditioner based on the multigrid method for

the acceleration of the iteration. For the simulation of the dynamics, an implicit midpoint

scheme is used for the temporal discretization, while the linear finite element method is

used for the spatial discretization. A predictor-corrector method is used for the linearization

of the equation, and an algebraic multigrid solver is developed for the derived complex-

valued system in order to accelerate the simulation. In particular, an h-adaptive finite

element method is developed for further improving the efficiency, in which two residual type

a posteriori error indicators are designed for the Kohn–Sham and time-dependent Kohn–

Sham equations, respectively. A variety of numerical experiments verify the effectiveness of

our method.

Keywords: Density functional theory; Time-dependent density functional theory;

Finite element method; Adaptive mesh method.
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1. ℄��fF4N�:.UC, v��1PM"g!���}��~p1P, +CHRY
i
∂

∂t
Ψ = HΨ in R

3. (1.1)



1 w �� �: x% - 82Q3z�x% - 82Q~
PÆP -K;
i2, 35y�ty, V�}*{b Ψ m�J'#h, Æ�0��Y?�O��}*o. VeMw+}�'�DX�, R�:59�bhO℄�n�($j�P. Tk<��2
�<Fr%.}%+D�, 2Ay��& Born-Oppenheimer 83F<��}#he1Pt�[. �&, b?*{b��Æ�0��t?�O
�}*o. VE|�0jmO!���}59�bhO℄��>5�X. �b, G'iQFv��1P}|
t)�(mfx�}�&, )n}\kOf'p+-�%G. xt�%OX}G'Ofe�ME�/{�:. t� Hohenberg�Kohn F
1964`Zi(�:���' Kohn � Sham F 1965`�Y(y/pOf, E�/{�:znO%|
��, mX���k/'6#}�&0bj|5��%�/p�w�a�-5, 'F�Kww�ae-5L3�I.bh1+FE�/{�:|
t}�&-y
o. +0!����5}<Ck�'~p1P}4Lkkr, ℄�R��X�|y. �b, �|Jr%}bhReO%E�/{�:|
'�&t}�Ox�T". F�|bhR1H, �&
}IÆo1+�Rw$ - 71PM��^	}��k/7&}1+. B1+�&��-��Æo1+�w$ - 71PZiLk�, '�t�R?OÆotwY}k��℄h0���v|y�|R. �!^	}bh1+�&�6#|
w$ - 71P}bh�R, "oH*Ms1+ [1]�,JD51+ [2]�,J:1+ [3–6]�<��'V1+ [7]�,J�#1+ [8]�u1+ [9] �. V℄bh1+|
	�:Y(r!)n}bh/p$C, "-
$C Gauss [10]�COMSOL [11] �, 's>$C
VASP [12]�Octopus [2]�DFT-FE [13] �. [(
}IÆo1+, p?<a)1+	M��,[}�|�R1+. x�&!{�� (Wick rotation) iQ, �tFy?v��1Pt�#p?< t = −iτ , F<hv��1P��%Ah1P. P��*{b}n��<�, BAh1P[bF τ → ∞ RY��}�|R. B1+m�X�Whu�-LH�'m�(k��℄h0��R�)�, A,I [14]. F [15] t, ���0!�Y`iQ}p+�3/&��Rw$ -71P. B1+Fw$ - 71P}�Re�F�ON�VE}WG�M.,'�&��++w$ - 71PwY}�h0�}bhR�-�C+w$ - 71P}�R}<, e&|yJ℄�}�|R. +0w$ - 71P}�RGve�FWG�M., ��h0�y�t^	}�np+�|\kR, �b�R[6|yF�CZ. ��y+'R*{b<`Hkwn}k[q`0�, �0��[%$W�}�|�R1+�DO%|
��. b�1+t, *{b<}`Hk-Eo�FH'
, VE|X�MjmO
�P`}�|�RO%y[, A,I [16].X�!����|��}Jr%bhO℄mfx�. O℄tF:}?<Æ�d$��%y�&0F:5�A�t}yg?5�%, Z&y��&0;�A�3/�'A�Pq59�. �0E�/{�:, Runge � Gross F 1984 `X�y?E�/{�:Zi(�:��W�. t)y?w$ - 71P�k/&0|
!���}�|��. Tk�&I_-�, V℄bh1+y��n�0X���"�O℄}LkR�y?E�/{�:1+ (linear-response

time-dependent density functional theory, LR-TDDFT)�'X���4"�O℄}A?y?E�/{�:1+ (real-time time-dependent density functional theory, RT-TDDFT). xt, F��W�T"��h, y���83���f_F�|A\. b?��}�|��+
�E� �}�MS�w. �b59��}LkR�[b��|y��}�|��. &F��I��C, !���F�|A\��}83-EO�. b?F?5X�y?E�/{�:ZibhO℄eO%(J_���|��},[T�.s��� LR-TDDFT, RT-TDDFT ,o�U!/p	>}��. �&o�ty, RT-TDDFT O&}0�U5k/, �FJM^*:O�-5m,��)L. T�, X�0y?w$ - 71P,r!�f}bh�RMH [2, 3, 17]. ,
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i0q30q! ' 2021 aJD51+ [18], ,J:1+ [3, 4, 19, 20], <�}�'V1+ [21], W*+ [1] �y&0y?w$ -71P}}<�), 2M - �z+, commutator-free magnus MsH�1+y&0?<�).�0e�}W� [3, 22–24], �,t2A�Y�O�0,J:1+}bh�:, &0�	�|/pFY}f0!����|��}�_bhO℄, '~:X�[6C+1H}%G0�.F�|/p1H, 2A�0Lk,J:1+Zi1P�), �&
}IÆo1+bh�Rw$ - 71P, 7&f3�)�8_�^���+ (LOBPCG) �RwY}k��℄h0�. %C+bh[6, F LOBPCG t2A�&1P}P`, 3/(���0ob!x�M}8)1+. B1+X�?�O*{bq�Zi8)<�, �b[b��}}'i�. /pPqFJ2A}8)1+[b,[5nÆoR!, �</p[6. Fv��L (Hartree potential) /pt,2A�&,l1P (Poisson equation) '!$Ms (multipole expansion) 1+, �Y(��<C�% O(N) }p+, ,[�G(fL#51+wn} O(N2) <C�. FbhA�35,2AMJ(8)1+�h- 
O�1+},[k, '�& CCCBDB bk�}Pq>�(2A}bh1+.|y
�P`�|�, 2A�0b�|R, �t�Ry?w$ - 71P|y��}�|��. 1P�)1H, 2A���0Lk,J:1+Zi}<�). ?<�)1H, ��yy?w$ - 71Pm�}�XP`, "E6E�}V�k�?<-��Nk�, 2A7&�Ht�MH. ,t, 2AF�0 [3, 24] ��Ht�MH}�P`krZi?_. p+3/t, 2A�&��8
 - Y`1+�1PZiLk�_�, '3/(�OX�<hLk��}ob!x�M1+�wY}1P�Zi�n�R. Fb1+t, 2A�& [25] t�Y} K-formulation�#h<hLk��. Fb#hC, 
+�F�bh[t}�&� 2 × 2 }�h[hH�G.��yu�V℄ 2 × 2 �h[�%<hh[}��q:?, <hh[Fm,2F��,J:}<t|y}Ahh[��}<ZO
. �b, 2Ax<�&v��L�RtX�Ah1P�}ob!x�M1+,F:N�}Jpp� (restriction operator)'~Lp� (prolongation

operator), '7&�Jh - '{' (blocked Gauss-Seidel) Æo1+�Qi. bhPqMJ(B1+&0�R<hLk1P�}J[k. !x�M1+�h[�Cb}-LHk	|y(�}�G.%Z�1�<O℄[6, 2A5%Fw$ - 71P'y?w$ - 71Pbh�Rt�#( h- 
O�1+. h- 
O�1+}iQ�fL, )FbhR℄�-�}
5Zi�M}f35E�'FbhR℄�T�}
5X��MZiOu3f, e&F<�bhR℄���}��C, hy��M�%Zi,[~p}T}. �b, 3/�O}} h- 
O�1+o��i"C(O0�, )"�J[h��M}f35E23f�"�|yyv}7DkJ�'"�Fa}�M.AGbhR}J℄�Ah. 2AX��.0��Y"CRp�+. UE, 2A�0 [26] t�Y},��a`Zi�Mh�. F('��, ,��a`�0
B`fbkP`AG, [b�;#hjH�q:<}?�f��'-�'�},��<}e℄f�, �b[bAG�M}f35E'3f}J[<�. F7DkJ�1H, 2A�&�0,J:bhR}:%f��7D
/1+, 5%X�w$ - 71P'y?w$ - 71P�Y(7DkJ�. ��y�&,��a`, #O�Mq:<}��f�[b�J[59�\, �bbhRFa�M.}#h[bfL�0b��f�|y. 2AFbhp+3/t, F�0�.-^AG} h- 
O�1+2�|/p}
}IÆo��|��O℄}?<a)1+ �F�z, ,[}�<(bh[6. bhPq#M(2A1+},[k.F,RLC�}35,2AUEU1w$ - 71P}bhR+��℄bh5n-��'N



1 w �� �: x% - 82Q3z�x% - 82Q~
PÆP -K;
i2, 37fbhPq. ,R}�(35$�y?w$ - 71P}bh1+�'xt}�℄bh0�Ms~:. ,R}�j35RYX�!����|��O℄}�_p+J_, 'RYN�}bhPq. ��, 2ARY�P, 'U1(�sM}W�.

2. k< - �D,�ED�
2.1. j; - �B+FE�/{�:t, �Oy M O<���p O
�}
�P`}�|y��t�R�Cw$ - 71P|y,







Ĥψl(r) = εlψl(r), l = 1, 2, . . . , p,
∫

R3

ψlψl′dr = δll′ , l, l′ = 1, 2, . . . , p,
(2.1)xt Ĥ M4NÆ�&��}vE' p�, m�#hH"C:

Ĥ = −
1

2
∇2 + Vext(r) + VHar([ρ]; r) + Vxc([ρ]; r), (2.2)xthH V ([ρ]; r) o#� V M ρ }/{, 
�E� ρ(r) =

∑p
l=1|ψl(r)|2. H (2.2) .���S −∇2/2 M�[p�, �(SMJ_+<��F:}�3L[S, y}#hH% Vext(r) =

−
∑M

I=1 ZI/|r −RI |, ZI � RI 5%#J� I O<��}n
�b�'y}*o. �(SM
Hartree L[S, &�J_
�2
�e<}NÆ�&, y}#hH VHar([ρ]; r) =

∫

R3 ρ(r
′)/|r

−r
′|dr′. ���S Vxc M+h�-N <��xx4^	�9�&F:}H�f�L[S.V�ST�%l'>,R9#hH, F�,t2A7& [27] t}1H�\|y}H�f�S.��}�[%y���C1H/p:

EKS = Ekinetic + Eext + EHar + Exc + Enuc, (2.3)xt Ekinetic M�[, &�HjS5%M+ Vext, VHar, Vxc, �<��2<��e<NÆ�&F:}L[. �H�f�[E�2� ǫxc(ρ), 0My�H�f�L Vxc }f�<� Vxc =

δǫxc(ρ)/δρ. �bH (2.3) t?�Sy�Ms#J"C
Ekinetic =

1

2

p
∑

l=1

∫

R3

|∇ψl|
2dr, Eext =

∫

R3

Vextρ(r)dr, EHar =
1

2

∫

R3

VHarρ(r)dr,

Exc =

∫

R3

ǫxcρ(r)dr, Enuc =
M
∑

I=1

M
∑

J>I

ZIZJ

|RI −RJ |
.e.Hty)G�0�OR�}��, Enuc xAM�OKb.

2.2. �CB>
2.2.1. M�*4/��y Ĥ Æ�0(dR}d>, �b0� (2.1) M�O4Lk0�. 
}I1+M���k/7&�R4Lk}1+, y�r.M��-��Æo1+, )�&(d%}u�\k�
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i0q30q! ' 2021 aY Ĥ , �t�RwY}Lk0��Ua(d%, fy\kR} �T5W. xp+0P"� 1wJ.�%Æop+, x�:.}R!k59M��|
x�. s�T��,NfW� [28, 29],sMX���k�CC}R!k59��>5�X. FbhO℄1H, 2Ay��t#O1H�C+R!k, )u�}}Wh'7&��MH (mixing scheme). xtf0Whu�, [(E&t 1HF:Wh�, ��U}}1HM�&" APE �$Ctf0qO<�F:}*{b, ��F:R�
�P`}WG
�E�. ��yp?<a)1+Wv}JnR!i%, F,I [23] t, 2A�Y(���&p?<a)F:Jr%Wh, ���&
}IÆo|y�v�|}J[61+.��MHM���k/7&}/�-^, xiQM�&
}I1+u�Æo1 (��%GÆo1) }Y#
�E�2u�Æo1}YY
�E�}Sw��hH, �%C�OÆo1}Y#
�E�. �,t2AE&?q��MH (simple mixing scheme):

ρink+1 = αρink + (1− α)ρoutk , α ∈ (0, 1), (2.4)xt ρink � ρoutk 5%o#� k 1Æo}Y#�YY
�E�{b, α ∈ (0, 1) �N%��9b. bhO℄t, ?q��MH��[bRY<�Pq. xx&0C+ÆoR!k}��-^��	 Broyden Æo [30], Pulay Æo [31] ��.S� ρin = ρ0
' ρin�ρoutVb ρin

Vb Ĥ
�S�^i1� (2.1)

0q ρout S"? Qa8 N� 1 Æ~J�p1Q�
2.2.2. ;-=p�2AE&Lk,J:1+�w$ - 71P (2.1) Zi�). �0�|*{b�
�E�}kbe�k [32], A3/pt2Au��,T
5 Ω ⊂ R3 �%/p
5. �b, w$ - 71P (2.1) } 5hHy�#J%: � (εl, ψl) ∈ R×H1

0 (Ω), l = 1, 2, · · · , p E|














∫

Ω

ϕĤψldr = εl

∫

Ω

ψlϕdr, ∀ϕ ∈ H1
0 (Ω),

∫

Ω

ψlψl′dr = δll′ , l′ = 1, 2, · · · , p,

(2.5)xt H1
0 (Ω) = {ϕ ∈ H1(Ω) : ϕ

∣

∣

Ω
= 0}M^	}v++9}<. %(|y (2.5)}�)hH, F/p
5 Ωs5% Nele O,Jq:, '��yA}&�% T = {TK ,K = 1, 2, . . . , Nele}. 2FVOs5.E�},J:}<% Vh, x'b% n, '�2F Vh .}�{b% ϕi, i = 1, . . . , n.2A�|y( t} 5hH (2.5) F Vh .}�)#h: � (εhl , ψ

h
l ) ∈ R×Vh, l = 1, 2, . . . , p,E|















∫

Ω

ϕĤψh
l dr = εl

∫

Ω

ψh
l ϕdr, ∀ϕ ∈ Vh,

∫

Ω

ψh
l ψ

h
l′dr = δll′ , l′ = 1, 2, · · · , p.

(2.6)



1 w �� �: x% - 82Q3z�x% - 82Q~
PÆP -K;
i2, 392Ay�F� l O*{bF Vh .}\k ψh
l #J% ψh

l =
∑n

i=1Xi,lϕi, xt X ∈ Rn×p '�
Xi,l o# ψh

l }� i O
+�. �?
�E�y���)#J% ρ(r) =
∑p

l=1

∑n
i=1

∑n
j=1Xi,l

Xj,l ϕi(r) ϕj(r). + (2.6) t ϕ }��k, 2Ay�� ϕ = ϕi, i = 1, . . . , n, �b�R (2.6) �90�RCH}k��℄h0�






H(X)X = BXΛ,

X⊤BX = Ip,
(2.7)xt Λ = Diag(εh1 , ..., ε

h
p) M�℄h`O}�I[, H(X) ∈ Rn×n M�)}vE' h[, V� H �
�E�}Æ�� O(��℄U%}Æ�, B ∈ Rn×n Mr%h[, H � B yA}?O:m}#hH%

Hij =
1

2

∫

Ω

∇ϕj · ∇ϕidr +

∫

Ω

(Vext + VHar + Vxc)ϕiϕjdr, (2.8)

Bij =

∫

Ω

ψjψidr. (2.9)

2.2.3. O7�BC(��
F?�1
}IÆot, 2Ao��k��℄h0� (2.7). k��℄h0�Mbhob-5��x�}|
0�, T��,�!O\p+, " Arnoldi � Lanczos p+�Jacobi-
Davidsonp+�Rayleigh -1+�. xt, �x)�}bh#G, LOBPCG1+�|(j%}f�. x1+y�E_"C.UE, F�|/pt, 2Af
�W�℄�. 832A�^|y(� k 1}\k�℄�
(Λ(k), X(k)), GFo�/p� k + 1 1}\k�℄� (Λk+1, X(k+1)). F LOBPCG p+t, �
k + 1 1�℄h�t�R�C$W� Rayleigh -0�|y

argmin
(X(k+1))THX(k+1)

(X(k+1))TBX(k+1)
. (2.10)2A& X(k+1) = X(k) + αkX

(k−1) + βkR
(k) #h� k + 1 1\k�℄U%, xt X(k−1) M�

k − 1 1}\k�℄U%, R(k) = H(X(k))X(k) −BX(k)Λ(k) o#+� k 1|y}\k�℄�wY}:%, & αk�βk 5%M#O %�a}\k�℄U%℄I}�x. b?�.)�0���%
argmin
αk,βk

(X(k) + αkX
(k−1) + βkR

(k))TH(X(k) + αkX
(k−1) + βkR

(k))

(X(k) + αkX(k−1) + βkR(k))TB(X(k) + αkX(k−1) + βkR(k))
. (2.11)B0�y��t^	} Rayleigh-Ritz 1+Rp, e&|y (Λk+1, X(k+1)). o�kY, F

LOBPCGp+t,2AE&�0 Cholesky5R} Gram–Schmidt1+ [33] �'
�℄U%}k�`Hk.NK0^	}�}<Æo1+, LOBPCG 1+jj�G�(/p%�YgE&, VOkr	E|yO�0�RjmO�℄h0�t p ≪ n }�h. X�w$ - 71PF:}�℄h0� (2.7), �,4K!}xx�℄hR+��Y�, 	9u�_,I [34–36].
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i0q30q! ' 2021 a
3. R�v7ASqu�Ey{|y
�P`�|�, 2A��|%Wh, �tbh�Ry?w$ - 71P�|y��}�|��. CH2AUE?Uy?w$ - 71P'xP`, ��U12A}bh1+.

3.1. Q	j; - �B+X}`Ly?w$ - 71P+CHRY
i
∂

∂t
ψl =

(

−
1

2
∇2 −

∑

I

zI
|r −RI |

+

∫

ρ(r′, t)

|r − r′|
dr′ + vALDA(ρ)

)

ψl

=:

(

−
1

2
∇2 + VKS

)

ψl, l = 1, 2, . . . , p,

(3.1)xt ρ(r, t) =
∑

l |ψl(r, t)|2 M?<Æ�}
�E�. zI � RI , I = 1, . . . ,M #J� I O<��wF}*o'x�
�, VKS #J+�L, v��L�'H�f�L�O}L[S.%gMy?w$ - 71P}bwP`, 2AUEuCy?v��1P (3.1).  ��bB1Pm��CP`:

1. y?v��1PM�OvE' ��. ��"C}vE' {b
H(Ψr,Ψi) =

1

2
〈Ψr|HΨr〉+

1

2
〈Ψi|HΨi〉, (3.2)xt Ψ = Ψr + iΨi, Ψr � Ψi 5%o#*{b Ψ }A3�p3, 〈·|·〉 M%��wt"�}�
{"2. �&�. %, 1P (3.1) yC_O"C}vE' ��:



















∂

∂t
Ψr =

∂H

∂Ψi
,

∂

∂t
Ψi = −

∂H

∂Ψr
,

in R
3, (3.3)

2. y?v��1P<�E6E�V�kr, ) ∂N(t)/∂t = 0, xt N(t) =
∫

ρ(r, t)dr #J
�b. 
�bF_O%�|}��tPt�R- . ��e, %FWG?< t0, 
�%% N(t0), V=F��} t > t0 }?|�, N(t) = N(t0) O�, ) ∂N(t)/∂t = 0. Bkr}?q�w"C:

∂N(t)

∂t
=

∫

R3

∂ρ(r, t)

∂t
dr = i

(
∫

R3

(HΨ)∗Ψdr −

∫

R3

Ψ∗(HΨ)dr

)

. (3.4)+vE' p� H }#'C�kre.Hty| ∂N(t)/∂t = 0.

3. y?v��1P<�?<-��Nk. �
+�� (V (x) ≡ 0) }��%�, 1Py�_%
∂ψ

∂t
− ia2∆ψ = 0, (3.5)
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PÆP -K;
i2, 41F1P (3.5) #��<^�, Ef0?<�-� �, / t′ = −t, y|
∂ψ̄(−t′, r)

∂(−t′)
+ ia2∆ψ̄(−t′, r) = 0, (3.6))

∂ψ̄(−t, r)

∂t
− ia2∆ψ̄(−t, r) = 0. (3.7)+._Pqy�tY ψ̄(−t, r) 2 ψ(t, r) <�}1PhH.��N�, VegM% ψ(t, r)M1P (3.5) }�OR, V=N�}?<-�| ψ̄(−t, r)	My?v��1P (3.5) }R.PBU1	9u,I [37].X�y?w$ - 71P, o�kY, uH�f�Lm�℄�}#h?, y?w$ - 71PMy?v��1P}�O℄�
o. +b, y?w$ - 71P��m��.P`. f0y?w$ - 71P}bwP`, m�Pqy9u,I [17].Tk�.~:, X�y?w$ -71P3/Jr%bh1+o�Rp#�0�,)bh1+}�P`kr'O℄[6.�,t,2A�Y���0,J:1+}�Ht�MH�RpV#�0�. UE,  ��bF?<�)t}�Ht�MH[b�R1P}(�P`. xd, 2AF�M
O�1+�<hLk���R�1H5%�Ybh1+, &�,[�<bhO℄[6. GFbh1+?_"C.

3.2. �CB>
3.2.1. p��W�t, 2A7&(�H}t�[HZi?<�), �'"�,J:1+Zi}<�). 2AUEH_?<�).3 ψ(n) My?w$ - 71P��FF tn ?<�.}*{b, '�/C�O?<���% tn+1 := tn +∆t, V� ∆t #Jq*?<1. &�H}t�[H�)y?w$ - 71P|y"C#h:

ψ(n+1) =
2i+∆tH(ρ(n+1/2))

2i−∆tH(ρ(n+1/2))
ψ(n) =: Un+1

n ψ(n), (3.8)xt H(ρ) #J�hÆ�0
�E� ρ }vE' p�, ρ(n+1/2) =
∑

l |ψ
(n+1/2)
l |2, ψ

(n+1/2)
l#J� l O*{bF?<� tn+1/2 := tn +∆t/2 .}�h.��y ρ(n+1/2) V�(d%}gF,E| (3.8)Hm,4Lkk.F�W�t,2A7&8
 - Y`1+�_�b�4Lk0�. m��, F8
12AE&U�

MH|y��O\k ψ

(n+1)
(0) , ���&VO8
h�\k ρ(n+1/2) � H , '�t (3.8) H|yY`h ψ

(n+1)
(1) .x<btPfy��#d\khD%T5W��Thy83�jÆo1b, 2AvlY`1,'F1PU��Z�Oq*?<.�&�.8
 - Y`1+, 2AF?O8
1��TY`1o��R�OLk0�. ��y (3.8) Ht}pbq*, 2AF1Pt}A�p35s, |y"C1P�











2ψ(n+1),r −∆tH(ρ(n+1/2))ψ(n+1),i = 2ψr
n +∆tH(ρ(n+1/2))ψ(n),i,

∆tH(ρ(n+1/2))ψ(n+1),r + 2ψ(n+1),i = −∆tH(ρ(n+1/2))ψ(n),r + 2ψ(n),i.

(3.9)
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5 Ω ⊂ R3 .}"�v++9}< H1 := W 1,2(Ω), ��}< V := H1
0 (Ω), V=�� (3.9) }&hH"C: �

ψn+1 ∈ V , E|






















































2

∫

Ω

ψ(n+1),rφdr −∆t

∫

Ω

(

1

2
∇ψ(n+1),i · ∇φ+ VKSψ

(n+1),iφ

)

dr

= 2

∫

Ω

ψ(n),rφdr +∆t

∫

Ω

(

1

2
∇ψ(n),i · ∇φ+ VKSψ

(n),iφ

)

dr, ∀φ ∈ V,

∆t

∫

Ω

(

1

2
∇ψ(n+1),r · ∇φ+ VKSψ

(n+1),rφ

)

dr + 2

∫

Ω

ψ(n+1),iφdr

= −∆t

∫

Ω

(

1

2
∇ψ(n),r · ∇φ+ VKSψ

(n),rφ

)

dr + 2

∫

Ω

ψ(n),iφdr, ∀φ ∈ V.

(3.10)

%(HM,J:}<�)tP, 2A�#"C2~. UE Ω ⊂ R3 &�ko/p
5, ∂Ω 2�
Ω }�T. F Ω �5%,JOjH�q:, V℄4x�}q:`O}&�2� T = {Tk}

Ntet

k=1 ,xt Ntet #J T tjH�q:}b%. Tk Ciarlet },J:�: [38] ZiC_,J:}<}��. FjH�q:m Tk, k = 1, 2, · · · , Ntet .`H,J:}< (Tk,P1,N ), xt P1 #J}M��F Tk .}�M!SH}&�, N #JO�9b}&�. �0._��, 2Ay����M T .},J:�}< Vh, J��F,J:}< Vh .} (3.10) }�)hH"C: �
ψ
(n+1)
h ∈ Vh, E|























































































2
∑

k

∫

Tk

ψ
(n+1),r
h φdr −∆t

∑

k

∫

Tk

(

1

2
∇ψ

(n+1),i
h · ∇φ+ VKSψ

(n+1),i
h φ

)

dr

= 2
∑

k

∫

Tk

ψ
(n),r
h φdr +∆t

∑

k

∫

Tk

(

1

2
∇ψ

(n),i
h · ∇φ+ VKSψ

(n),i
h φ

)

dr,

∀φ ∈ Vh,

∆t
∑

k

∫

Tk

(

1

2
∇ψ

(n+1),r
h · ∇φ+ VKSψ

(n+1),r
h φ

)

dr + 2
∑

k

∫

Tk

ψ
(n+1),i
h φdr

= −∆t
∑

k

∫

Tk

(

1

2
∇ψ

(n),r
h · ∇φ+ VKSψ

(n),r
h φ

)

dr + 2
∑

k

∫

Tk

ψ
(n),i
h φdr,

∀φ ∈ Vh.

(3.11)

3.2.2. "e!_F�|/pt, +0*{bF?�<��1U.}kbe�kr, 2AFT5j}/p
5�T.y�
��E&��{Æ (Dirichlet) �T�C, F*{bF�T.}#h3o% 0.-�0�|/p, F�|��O℄t, *{bF�I��CF:}Z�[ba)y
5�T. b?fLE& 0- ��{Æ�T�C, FHO*{b}Zv�45���ay/p
5Y,E|/pPq-yv. �bFbhO℄t, 2Ao�X�b�0��YRp�+. F,It,,#�K&1+, )�pL (negative imaginary potential)1+�SF{b (mask function)1+. xt�pL1+�tF H t�#�O�P}p{b#h, hyV[�T.*{b}p8-t}T}, A [39] 'xt�&}Nf,I.
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i2, 43��y�pL1+o�F H t�#�O<hL}#h,VE|3/bh1+ |K%<C. F�W�t, 2AE&SF{b}1+�V[�T.}p8[�. SF{b1+iQ4K?q, )3/�O{b�&y*{b, E|F
5Y3*{b#h�R- , &Fv\
5�T}?�*{b�De�y 0. +by�ty, E&SF{bo�k�#O%, )n�9b)e�OH. xtn�9b&�M�
5Y3
5��T
5, &e�OHJ&�k�*{bF�T
5Y��w1He�y 0.F�W�t, 2AE&"CSF{b
M =























1, |r| < Rin,

cos
π(|r −Rin|)

2(Rout −Rin)
, Rin ≤ |r| ≤ Rout,

0, Rout < |r|,

(3.12)xt Rin � Rout &�k��s
�P`}#O
�}�b. e�.#hy�tY, F� Rin%�b}
�Y3, *{bF�R- . F Rin � Rout e<, *{bF� cos {b�Y}OHe 1 e�y 0. &F� Rout %�b}
�e�}/p
5}35, *{bF{M% 0. FbhO℄t, 2AFF8
 - Y`1e�, �&�.3/}SF{b�vRY*{bFC�O?<1}#h.

4. /tG�O℄[6Mbh1+[bUA3�&�k}�Ox��m. 2Ae�C,O1H#T, ��Y}w$ - 71P'y?w$ - 71Pbh1+Zi[6C+.

4.1. P�r
Z���y4:MF�|/pt}
}IÆo, �MF�|��O℄t}?<�Z�8
 -Y`1+t, ?�1�o��vE' p�Zi/p. xt�[p���3L[p��'H�
- f�L[p�}/p�KfL, /pwO&} CPU ?<,	y�
8. �&, f0v��L}/p4K-�. UE, v��L}#h%

VHar(r) =

∫

Ω

ρ(r′)

|r − r′|
dr′. (4.1)e#hyd, fLZi#5/pFwnp+<C�% O(N2). VF/ptM-yLW}.�&�n>�� � (fast Fourier transform) [bX�v��LZi�n/p, x<C�% O(N logN). sMB1+�/p
5'�Ms5�,��. F�W�t,2A7&��k"51P1+�G�p+<C�. UE, v��L (4.1) /p�90"C,l0�}R







−∇2VHar(r) = 4πρ(r),

VHar(r) = 0, as |r| → ∞.
(4.2)%F,l0�JpF�R
5 Ω ., 2A�t!$�Ms (multipole expansion) ��
5�
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VHar (r)|r∈∂Ω ≈

1

|r − r′′|

∫

Ω

ρ (r′) dr′ +

3
∑

i=1

pi ·
ri − r′′,i

|r − r′′|3

+

3
∑

i,j=1

qij ·
3
(

ri − r′′,i
) (

rj − r′′,j
)

− δij |r − r
′′|2

|r − r′′|5
,

(4.3)xt
pi =

∫

Ω

ρ (r′)
(

r′,i − r′′,i
)

dr′, qij =

∫

Ω

1

2
ρ (r′)

(

r′i − r′′,i
) (

r′,j − r′′,j
)

dr, r
′′ =

∫

rn(r)dr
∫

n(r)dr
.

(4.4)b?,l0�y�_%






−∇2VHar(r) = 4πρ(r), r ∈ Ω

VHar = Vb, r ∈ ∂Ω.
(4.5)�!^	}�np+�y��&��R�.,l0�, "!x�M1+�. �bv��L}/py��t�.1+|yOX5n.

4.2. LOBPCG B>F2<:F^���+�}1+t, 8)M�w,[}5nÆoR!}-�. m�y2AE&}
LOBPCG 1+, e 2.2.3 WOJ_t, 2Ao�X�� k 1Æo|y}�℄� (Λ(k), X(k)) �Y:% Rk = H(X(k))X(k) −Λ(k)BX(k). �1H, :%F&�g�2AM7y��lÆo. .�1H, :%F�&�F:C�O\k�℄�.Fp+t, 2A? F:8)� T ,'�& TRk 
o Rk �92�t/p. %��5nR!, 2A? 8)�m�#�kr. UE, T [b,[G�h[ (H(X(k)) − Λ(k)B) }�Cb.xd, TRk [b�J[/p. hH.H ((H(X(k))−Λ(k)B))−1 M�O�QuI. �&, o���y, t�ÆoR!, ((H(X(k))− Λ(k)B)) F� |y�, �b'-O&.F�W�t, 2AF8)�3o% T = (1/2A− ΛB)−1. xt, h[ A MI�h[, evE' p��[S}
t
hp��)|y. �.3/+#O)�. �M�t�[vE' p�t�3L[S�v��S�'H� - f�L[S, 8)�}y�0�y��,[�G; (M��y�℄h Λ %�b, �bI�h[ A 'r%h[ B [b�b (1/2A− ΛB) }�N`�k, �b R̃k = TRk y��tJ[�R (1/2A− ΛB)R̃k = Rk |y.

4.3. /�9H%JB>!x�M1+M��^	}Lk1P��n�R1+, X�Of0�xp+<C�[bhy O(N). �bFp+t��E&!x�M1+F5j�<O℄[6. �W�t�Y}�|O℄'�|��O℄p+t, ,(_�1y�E&y!x�M1+, )�O��WO�y}v��L/pt},l1P�R�.�WO�y}k��℄h0�}8)�'F�|��O℄t+�MHwY}Lk��}�R. �W�t, 2A�&ob!x�M1+, X�V(_5%3/(N�p+, ,[�<(O℄[6.
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PÆP -K;
i2, 45!x�M1+}�Y�0"C}gC. Fgi^	}Jh - '{'Æot, bhRt}Jn7D[b�t%G1}Æo�J[�V[
, &�n7DJo�T5!1}Æo6[b|yV[. �b, "��tf��M�Jr%#hbhR7DtQOn6}35�'"�3/Æop+�ZiJn7D}V[, M3/!x�M1+}fB. CH2A�v��L/pt},l1P�R%�, ?�H_ob!x�M1+.UE, 2A�t,J:1+�^|y,l0� (4.5) }Lk1P�
Ahuh = fh. (4.6)2A? `H�OÆop+, F:s+ (u
(n)
h )∞n=0 E| uh = limn→∞(u

(n)
h ). 832A�d�

n 1ÆoF:}\kR u
(n)
h , �O#�MÆo1+�t"C1HF: u

(n+1)
h .�t�#\kR}7D e

(n)
h = uh − u

(n)
h , �':% r

(n)
h = fh −Ahu

(n)
h , 2A|y (4.6) }�9hH

Ahe
(n)
h = r

(n)
h . (4.7)F#�M1+t, 2A�t�#Jpp� RH

h 'N�}~Lp� P h
H , |y"C�OWmO}Lk����\.H}jmO}Lk��

AHR
H
h e

(n)
h =: AHe

(n)
H = rH := RH

h r
(n)
h . (4.8)V? u

(n+1)
h y��#h%

u
(n+1)
h = u

(n)
h + P h

He
(n)
H

= u
(n)
h + P h

HA
−1
H rH

= u
(n)
h + P h

HA
−1
H RH

h (fh −Ahu
(n)
h )

= (Ih − P h
HA

−1
H RH

h Ah)u
(n)
h + P h

HA
−1
H RH

h fh.

(4.9)�t�#^	Æo1+"Jh - '{'Æo, V�& Sh �ko, 2Ay�|y�.#�MÆo1+}Æoh[ Mtg

Mtg = Sh(Ih − P h
HA

−1
H RH

h Ah)Sh. (4.10)�b, Æo+}R!ky��t59bÆoh[|y. p+t}Jpp��~Lp�}3/,y�9u [40] |y. F�.#�M1+Zi��E&, y�
�|y!x�M1+.f0v��L/pt,l0�}�R' LOBPCG 1+t}8), y�fLE&.HJ_}!x�M1+. �&, ��yy?w$ - 71PM<h1P, 2AFp+3/tE&(Ap5�}1H. �bLk��#hhHF-�0e�}Ah�h. F�W�t, 2A�t�C1H�!x�M1+Zim`, EeO&0<h�h.9u,I [25] t K-formulation }P`, 2A�*{b}�)O"C}hH:

(ψ
(n+1),r
T ,1 , ψ

(n+1),i
T ,1 , ψ

(n+1),r
T ,2 , ψ

(n+1),i
T ,2 , . . . , ψ

(n+1),r
T ,Ngp

, ψ
(n+1),i
T ,Ngp

)T , (4.11)xtNgp#J�M�}�b,�bh[}PBP`+� 2RY. V�2A&y}K-formulation,?�O5�o#�O,CH}#JhH} 2× 2 }�[
[

a −b

b a

]

=









2

∫

Tk

ϕjϕkdr, −∆t

∫

Tk

(

1

2
∇ϕj · ∇ϕk + VKSϕjϕk

)

dr

∆t

∫

Tk

(

1

2
∇ϕj · ∇ϕk + VKSϕjϕk

)

dr, 2

∫

Tk

ϕjϕkdr









. (4.12)
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� 2 i\~=[60e� 2 y�gCy, �& K-formulation f+(d%F:}�bh[, $,2Ah��N�}<ZO
. �b, Fh[}5�<��℄., 2Ay�x&�.3/}Ah0�}ob!x�M1+. UE, 2Ay�x&Jpp�'~Lp�, � 2× 2 �h[%q*, :Of�M.}Lk��. xd, 2Ao�F"�}Jh - '{'Æo1+, 
�%�Jh - '{'Æo1+, ��bh[t} 2 × 2 �h[%q*ZiÆo. �tb�m`, +�MHwY}<hLk1P�[b�J[�R, e&�<�|��O℄}[6.

4.4. h- M�8B>F h- 
O�1+}3/AGt, o�u5�C(O0�, )��,�J[}�Mh��+�yv}7DkJ��'J℄�}bhRUa=8.F�W�t, 2A�0,I [41] t�Y},��a`�J[AG�M}f35E'3f.F�M�H, ,��a`[b24F�M5EtPt�Mq:<}e℄f�; F,�q:�H, ,��a`[bRY-�'�,�q:<}f�, E|2A[b,���,�d>�gi5E�3f<�. F('��, �M},��a`�0
B`fbkP`AG. i�?Oq:.}7DkJ�, 2Ay�4K,�}:O<�7Do�}4rB�M.yv}7DkJ�[bF�bbhR℄�}�℄., ,[�0�M�b%, e&hyO=/p	>}T}. �W�t, �0:%f��7D
/1+, 2AX�w$ - 71P'y?w$ - 71P5%:O(7DkJ�. X�w$ - 71P, 7DkJ�+CHRY
ηK =

(

h2K ‖RK (Ψh)‖
2
K +

∑

E⊂∂TK

1

2
hE ‖JE (Ψh)‖

2
E

)
1

2

, (4.13)xt hK M2q: TK m,N��#}
}fb, hE M2H E m,N�H#}=}fb,
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RK(Ψh) � JE(Ψh) 5%#J,Jq: TK .}:%2
%, yA}��"C
RTK

(Ψh) =

p
∑

l=1

(

Hψh
l − εlψ

h
l

)

, JE(Ψh) =

p
∑

l=1

(∇ψh
l

∣

∣

TK
−∇ψh

l

∣

∣

TJ
) · nE ..Ht nE #J TK }H E .}q*�+U%, TJ M2 TK ,[^H E }q:. (4.13) Ht}.b#h%

‖f(x)‖K =

(
∫

K

(f(x))2dx

)
1

2

, ‖f(x)‖E =

(
∫

E

(f(x))2dx

)
1

2

.X�y?w$ - 71P, 7DkJ�+CHRY
ηTK

=

(

∆t

∫

TK

(∇ψ(n+1) −∇ψ(n))2dr

+∆t h2K |

∫

TK

(

VKSψ
(n+1/2)
l −

i

∆t
(ψ(n+1) − ψ(n))

)2

dr|

+
1

2
∆t

∑

E∈∂TK

hE

∫

E

(1

2
JE

(1

2
(ψ(n) + ψ(n+1))

)

)2

dr

)1/2

.

(4.14)��, ��yFu��M�+ h- 
O�1+:O}a�Me<, �0,��a`[bwY5%�
0#O�M}��#O,�q:e<}e℄f�. �b, �0b�q:<}e℄f�, 2Ay�J℄�'J[6�|ybhRFa�M.}#h.

5. �E�sFbhA�35,2AE>��W��Y} LOBPCG8)��|��O℄t<h��}ob!x�M1+}#G, ���& CCCBDB [42] bk�}Pq�%9u�>�2A}p+F�|/pt},[k, ��RY�_}p+F�|��O℄t}bh#G.f0bhA��a, #C35,2A�&�{l' 7910Jk[/pW�Q, io%f Intel

(R) Xeon(R) Gold 6136 CPU @ 3.00GHz (�^ 24 O5��
), YgjW% 256 GB. $C35, w,p+�0bh� AFEABIC AG. AFEABIC �0bh� AFEPacks), [bAG�w$ - 71P'y?w$ - 71P}(',J:1+O℄, '�Yf0s>$C Libxc [27] '
APE [43] }L�, M�O
RE�/{�:p+|
'�&}�&fbh�.F�CA�t, 2Ar7&/p
5 [−30au, 30au]3. X�y?O℄, 2A� ∆t = c∆h2.V� ∆t � ∆h 5%%bhMHt}?<1L�}<1L, c ∈ (0, 1) %�Kb, x�hÆ�00�.

5.1. LOBPCG 2<:%gC8)��[6}"R, 2Ae5���� LiH �7� CH4 }O℄t��Y(#Ok��℄h0�'E& LOBPCG �yAZi�R. F LiH }0�t, n = 63, 693, p = 2,&F CH4 }0�t, n = 141, 189, p = 5. A�Pq"� 3 wJ. F#O0�t, -E&8)�r>[F�jÆo1 1000YE|w,�℄�}:%W0 10−8, &E&8)��rF 40 1YhyR!, e&�G(8)��[6}lj�<�&.
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� 3 LOBPCG S"�M (�: LiH u~l��^i1�; /: CH4 u~l��^i1�), BM$K
LOBPCG uF')9*�, qM$K LOBPCG u)F'9*�
5.2. FC)#2/�9H%JB>UE, %(�bob!x�M�R{}�R[6, 2Au�(,�P`ZibhO℄, Pq"# 1 wJ. e# 1ty�tY#�: UE, e�#}bky�tY, �0j!b��, <hob!x�M1+} CPU ?<YM�Jh - '{'1+ CPU ?<} 10%, �%�, �0�� (C6H6) 5��g, ob!x�M1+} CPU ?<Y%�Jh - '{'1+} 4.5%. +byA, ,Rt�Y}<hob!x�M1+2�Jh - '{'1+N�, [bF��5n�RLk��}ZP. �(�)GJMNK0�Jh - '{'1+, ob!x�M1+#GU5/�. $ 1 lI� - �1=�? &:I&K�?d.2*$3 CPU 
\8!
Stru. DOFs Block GS MG

Helium 153,761 310,630 ms (6,900) 117,300 ms (42)

Beryllium 590,998 5,272,625 ms (25,000) 297,384 ms (46)

LiH 104,469 301,458 ms (9,100) 121,277 ms (50)

CH4 398,155 5,806,147 ms (41,200) 649,829 ms (144)

H2O 508,908 10,600,067 ms (58,200) 916,032 ms (175)

C6H6 1,950,290 29,832,561 ms (40,900) 1,354,015 ms (90)+!x�M1+}^	59yd, !x�M1+FbhO℄tPt�0��h[}�Cb-LH. �,t2Au�(,�P`�b(<h��}ob!x�M�R{	m,N�}kr, m�Pq"# 2 wJ. e# 2 ty�tY, N�}P`FbhO℄t+0 D}�h-�, e&F
O�tPtE&}�Mb	-�. h|��}M, �0��OP`�g, Æo1b,	-��Mb}Kj&C . +byA, ob!x�M�R{�0�Rh[}�Cb-LH.FU1
�P`}�|��e�, 2A�ob!x�M�R{t�Jh - '{'}Æo1b ns }�hZi(|
. �dob!x�M�R{tE&}i�p� Sh [b*
bh7Dt}Jn35, %(|
�RtPti�p��0�R[6}"R, 2AX��℄
�P`}O℄, |
(F�-�} ns ?}p+#G. ebhPqty�|y#�: UE, �RLk��wo}Æo1bt� ns �h}Kj&G�. �(�, ��}�R[6'-t� ns �h}Kj&�f J. �"F H2O 5�}O℄tPt, u ns �h+ 3  % 9 ?, CPU ?<+
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916, 032(ms)G�% 598, 884(ms). su ns = 18?, CPU?<-<% 622, 983(ms). �.#�gCr:�ob!x�M1+FOf0�t}#G. FbhO℄t, 2A)Gu7& ns = 9?, qj35bhO℄r,�)#G. �b, �e�}bhA�2Ar7& ns = 9 V�3�.$ 2 0�:I&K�d~�d%"aM�893&K�6Y50&� (mTG#L3Æ%"50&�893�))

Stru. Grid Points Iter. Stru. Grid Points Iter.

Li 70,963 (5.0× 10−3) 38 CH4 137,533 (2.0× 10−2) 68

118,311 (3.0× 10−3) 36 398,155 (1.0× 10−2) 89

357,142 (1.0× 10−3) 36 575,040 (8.0× 10−3) 86

469,682 (8.0× 10−4) 37 963,547 (5.0× 10−3) 78

LiH 104,469 (5.0× 10−3) 37 H2O 50,908 (2.0× 10−2) 102

172,878 (3.0× 10−3) 30 255,467 (1.0× 10−2) 89

544,501 (1.0× 10−3) 29 644,037 (8.0× 10−3) 82

692,392 (8.0× 10−4) 28 1,044,008 (5.0× 10−3) 84

5.3. V�Z��Ot2AMJ h-
O�,J:1+F�|/pt}[q. UE, %�b SCF Æo��[%}R!k,2A?Q((Op�,7� CH4, �� C6H6, dr� C12H10N2. ?Op�}R!�C�
�E�5/��'�M5/�5%F� 4�� 5 �� 6 tFJ. bhA�bM h-
O�1+[bJ[Zi�M}f35E�3f, e&E|�|[b|y�n,[��R.$ 3 h-N�9C?�d>�J|$��13W�. . $�[�D, 'hD�[�D+w51, �gn?
CCCBDB[42]. h-N�9C?G'�D, SCF 50�): 1.0e-05; LOBPCG 50�): 1.0e-08; N�9C?�) (1.0e-03)

H He

-0.5 -2.8811

-0.5 -2.8714

Li Be B C N O F Ne

-7.3876 -14.529 -24.445 -37.568 -54.206 -74.699 -99.375 -128.60

-7.3976 -14.520 -24.447 -37.579 -54.267 -74.677 -99.283 -128.42

Na Mg Al Si P S Cl Ar

-161.86 -199.62 -241.78 -288.71 -340.53 -397.37 -459.38 -526.74

-161.67 -199.37 -241.58 -288.49 -340.29 -397.05 -459.00 -526.30

K Ca Sc Ti ...

-599.02 -676.61 -759.58 -848.36 ...

-598.57 -676.08 -759.10 -847.70 ...xd, 2AF��9b3oC�:mzv#�(iw,:m�'�ji}� 4 O:m�R�|�[%. Pq"# 3 wJ, bhPqFJE& h- 
O��R}�[%.�9uh. �t2 CCCBDB [42] }9uR�K)G, 2A/pw|<�P`}�[%FS℄���09uh, #M2A}1+,[�|yU℄�}/pPq.
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� 4 CH4 6�~�}0q. �/: SCF S"�D; //: �\&S"�D; �D: ��F�~�iI; /D:�NNI�

� 5 C6H6 6�~�}0q. �/: SCF S"�D; //: �\&S"�D; �D: ��F�~�iI; /D:�NG X-Y pINI�
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� 6 C12H10N2 6�~�}0q. �/: SCF S"�D; //: �\&S"�D; �D: ��F�~�iI;/D: �NG X-Y pINI�
5.4. 6�3Uxz%>� h-
O�1+F�|��O℄t},[k,2A� BH3 %��MJO℄[q. O℄tP?_"C.UE2A�j<��*o (0, 0, 0),(O�<�}<��*o (0., 2.248773926,

0.)�(1.947551604, −1.124386963, 0.)��' (−1.947551604, −1.124386963, 0.) �3o BH35�, '�&�Y}1+�|�|R. ����|R%WG|, 'FWG?<C �<�}<��}*o��}5% �% (0., −2.248773926, 0.), (1.947551604, 1.124386963, 0.), �
(−1.947551604, 1.124386963, 0.), )<�}�<��*o�"F X − Y oHf0 x |}�N�". ���
�P`
+��. +0<��*o}C , 
�E��t�?<��ZiN�C , )a}<��A\}
�E���D j. VOtP[be/pPqt�;}gCy.� 7 MJ(F t = 0, 0.36, 0.6, 1.0?<F BH3 5�A\}�M5/�. y�ty, 2A�Y}
h- 
O�,J:1+, [bF��tPtGv%
�P`�YJr%�M.��, %>�bh�:�y?w$ - 71PFL?O℄}#G, 2AX��O7�5�
CH4 3/"CA�. UE, 2A/p|y7�5�}�|R. ��F�R5�P`- }��C, %�|*{b�#N , 'FPq�%Wh. ���
�P`Zi
+��. FVw��C, ��}�Oyg?%, )?<Æ�d$� (time-dependent dipole) F-EM�OKb. FbhA�t, 2A7& e−ikzψ ��#7�5�}�|*{b}N ,'� k = 0.01. ��FA�t24��t}
�b�B?<Æ�d$�, Pq"� 8 wJ. y�ty, d$�}t?<��MJ(��FWGN "RC}t?< �. �&, 2A}bh1+FL?<O℄t, �}}�R(��t}�
�Ob. VMJ(bh1+F�RbhR}5�kr1H}[�.
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� 7 BH3 6�G X-Y pI~�iI (�
j), �(O ~�N6&G�= t = 0, 0.36, 0.6, 1.0 ~ X-Y pINI�. (QrKqÆ6& X-Y pI [−5au, 5au]× [−5au, 5au])
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6. O��b�,3/(���0,J:1+}bh�R�:�O℄!���}�|�'��|%Wh}���|��. F�|/pt, 2A7& LOBPCG �RF?1
}IÆo?wY}k��℄h0�, '3/(�O�0!x�M1+}8)�,[5n�R. F�|��O℄t, 2AX�1P}P`�Y(�O�0�Ht�[H}bh1+, '3/(�OX�<hLk��}ob!x�M�R{&05n?<�Z. �%�, 2A5%X�w$ - 7'y?w$ - 7
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